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Abstract—We present several new results on the feasibility of inferring
the hidden states in strongly-connected trackable weak models. Here, a
weak model is a directed graph in which each node is assigned a set
of colors which may be emitted when that node is visited. A hypothesis
is a node sequence which is consistent with a given color sequence.
A weak model is said to be trackable if the worst case number of such
hypotheses grows as a polynomial in the sequence length. We show
that the number of hypotheses in strongly-connected trackable models
is bounded by a constant and give an expression for this constant. We
also consider the problem of reconstructing which branch was taken
at a node with same-colored out-neighbors, and show that it is always
eventually possible to identify which branch was taken if the model
is strongly connected and trackable. We illustrate these properties
by assigning transition probabilities and employing standard tools for
analyzing Markov chains. In addition, we present new results for the
entropy rates of weak models according to whether they are trackable
or not. These theorems indicate that the combination of trackability
and strong connectivity dramatically simplifies the task of reconstructing
which nodes were visited. This work has implications for any problem
which can be described in terms of an agent traversing a colored graph,
such as the reconstruction of hidden states in a hidden Markov model
(HMM).
Index Terms—Graph theory, graph labeling, Markov processes, hidden
Markov models, weak models, tracking.
1 INTRODUCTION
CONSIDER an agent traversing a directed graph whosenodes, upon being visited, emit a color taken from
a set of possibilities. We are interested in identifying the
nodes visited by the agent based on the colors observed. If
there are probabilities associated with the edges and color
emissions then the system described is a hidden Markov model
(HMM) [1], otherwise it is a weak model [2]. Weak models are
used in a variety of applications including target tracking in
sensor networks [2] and cybersecurity [3].
This paper concerns itself only with the reconstruction
of the node sequence given the observed color sequence. We
assume that the graph and its coloring are known a priori, as
we are not studying the more challenging task of inferring
the graph and its coloring from observed sequences of colors
[4].
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In general, no guarantees can be made about the ability
to reconstruct the sequence of nodes visited. In our previous
work, we laid out a taxonomy of observability classes for
which different guarantees can be made [5]. In particular,
trackable models are weak models for which the number
of node sequences (the “hypotheses”) consistent with an
observed color sequence is bounded by a polynomial in the
sequence length [2]. For models which are not trackable,
the growth rate is exponential. While polynomial growth is
certainly better than exponential growth, a trackable model
can still give rise to an unbounded number of hypotheses,
which suggests that trackability is not a sufficient condition
for accurate reconstruction of the node sequence.
In this paper, however, we present several new results
which show that the node sequence reconstruction problem
for trackable models which are strongly connected is much
more feasible than in the more general case with transient
nodes. As strong connectivity is a reasonable assumption
when observing the steady state behavior of a system,
these results suggest that the combination of trackability
with strong connectivity can be sufficient to enable accurate
reconstruction of the node sequence. This has important
implications for the design of sensor networks and tracking
systems, as trackability imposes much weaker constraints
on the model’s coloring than the observability classes with
stronger guarantees such as unifilar [6] and observable [7].
The structure of this paper is as follows: after establish-
ing the necessary background and notation in Section 2,
we show in Section 3 that the number of hypotheses for
strongly-connected trackable models is bounded by a con-
stant. Then in Section 4 we show that, for such models, it
is always eventually possible to reconstruct which branch
was taken at a point where there are multiple out-neighbors
capable of emitting the same color. We illustrate how to
quantify what “eventually” means using the mean recur-
rence time and find that the results agree well with a
simulation. Section 5 provides an upper bound on the size of
the hypothesis set for strongly-connected trackable models.
Section 6 presents new results about the entropy rates of
possible node sequences given observation sequences. Sec-
tion 7 summarizes these results.
2 BACKGROUND: WEAK MODELS AND TRACKA-
BILITY
A weak model G = (V,E, L,Φ) consists of a set of nodes V
(the states a system can transition between), a set of edges
E consisting of ordered pairs of nodes (the allowed state
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2(a) Multi-colored (b) Single-colored
Fig. 1: Transformation of a multi-colored model into a
single-colored model. Node b can emit either
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, so
it is split into nodes bb and br, respectively. (This paper will
use both color and shape to distinguish the “colors” which
can be emitted by a given node.)
transitions), a set of possible colors Φ (called the “symbols”
in other work on weak models) which can be emitted, and a
mapping L : V → 2Φ which indicates which subset of Φ can
be emitted by a given node [2]. This can be seen as a node-
multi-colored directed graph, and is a non-probabilistic version
of a hidden Markov model (HMM) with discrete symbols [1].
We restrict our attention to graphs with a finite number of
nodes.
Any multi-colored model can be transformed to an
equivalent single-colored model (i.e., a model for which
|L(v)| = 1 ∀v ∈ V ) by replacing each multi-colored node
with multiple nodes, one for each color, as shown in Fig-
ure 1. We will therefore assume, without loss of generality,
that all models in this paper are single-colored. In this case,
we can replace L with the function ` : V → Φ, which is
equivalent to the lumping function in [8], [9]. An HMM with
single-colored nodes is also known as a lumped Markov chain.
Consider the problem of tracking a system described by
such a model. The structure of the graph is known, as is the
sequence of colors emitted as the system transitions between
the various states. The goal is to reconstruct the sequence of
nodes visited. In general, no guarantees can be made about
the accuracy of this inference problem. As mentioned above,
however, there is a specific class of weak models called
trackable weak models for which the number of hypotheses
consistent with an observed color sequence is bounded by a
polynomial in the sequence length [2]. Formally, letHG(Y[t])
be the set of node sequences which are consistent with the
color sequence Y[t] = (Y1, . . . , Yt). We refer to any such node
sequence as a hypothesis. Let nG(t) = maxY[t] |HG(Y[t])| be
the worst-case number of hypotheses for a color sequence
of length t. A trackable model is defined to be a model for
which nG(t) = O(tk) for some k ≥ 0. Models which are not
trackable must have exponential hypothesis growth rates:
nG(t) = Ω(2
ct) for some c > 0.
The original work on trackable models characterizes
trackability both in terms of the joint spectral radius of
the transition matrices defining the model as well as by
considering the node sequences which are consistent with
all possible color sequences. As we describe in another
publication, trackable models are also characterized by the
absence of intersecting cycles which permit the same color
sequence [5]. Two cycles pi1, pi2 : Z → V indexed by i are
said to be intersecting if there is at least one i such that
pi1(i) = pi2(i) and are said to permit the same color sequence
(a) Untrackable (b) Trackable
Fig. 2: Basic examples of models which are (a) untrackable
and (b) trackable.
if `(pi1(i)) = `(pi2(i)) ∀i.1
Examples of trackable and untrackable models are given
in Figure 2. In the model shown in Figure 2a, the two
intersecting cycles of the form (
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
) cause the model to
be untrackable, because this color sequence begins and ends
at the central
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
node but permits two paths – the model
lacks the “unique path property” defined in [2]. Indeed,
every time the color sequence (
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
) is observed the
number of possible node sequences doubles, resulting in the
exponential growth expected for an untrackable model.
The model in Figure 2b, on the other hand, does not
possess this pathology. While it may not be possible to
know what node the system is at for arbitrarily long periods
of time (e.g., when a color sequence of the form (
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,
. . . ) is observed), there is no color sequence which causes
exponential growth in the number of hypotheses. In fact,
the results of Section 3 show that the number of hypotheses
is O(1) for this model – at any given time, there are only
one or two possible node sequences which are consistent
with the observed color sequence.
3 BOUNDED GROWTH IN STRONGLY-CONNECTED
TRACKABLE MODELS
It has been shown that for a trackable model nG(t) = O(tk)
with k > 0 (unbounded polynomial growth) or nG(t) =
O(1) (bounded growth) are the only two possible cases [2].
For unbounded growth to occur there must exist three paths
pi1, pi2, pi3 : [0, T ]→ V such that:
1) All three paths permit the same color sequence:
`(pi1(i)) = `(pi2(i)) = `(pi3(i)) ∀i ∈ [0, T ]
2) pi1 is a cycle of period T : pi1(0) = pi1(T ) = a
3) pi2 is a cycle of period T which is distinct from pi1:
pi2(0) = pi2(T ) = b 6= a
4) pi3 is a path of length T + 1 which starts at the
beginning of pi1 and ends at the beginning of pi2:
pi3(0) = a, pi3(T ) = b
This structure is shown for an abstract model in Figure 3.
The “branch” contains whichever nodes and edges in the
path pi3 from pi1 to pi2 are not contained in the cycles pi1 and
pi2.
Suppose now that the model is strongly connected, mean-
ing that every node is reachable from every other node. For
this condition to hold, there must be at least one “return
path” to get from pi2 back to pi1. Using this structure, we can
prove the following theorem.
1. The equivalent definition of permitting the same color sequence
for a multi-colored model is L(pi1(i)) ∩ L(pi2(i)) 6= ∅ ∀i.
3p1
branch⇢ p3
p2
return path
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Fig. 3: Components of a strongly connected model with
paths pi1, pi2, and pi3. The “branch” is the portion of pi3
which is part of neither pi1 or pi2. The “return path” must
exist for the model to be strongly connected. This construct
is relevant to Theorem 1.
TABLE 1: Cycles pi1, pi2 and path pi3 associated with Figure 4.
t 0 1 2 3 4 5 6
Color
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pi1 a b c a b c a
pi2 d e f d e f d
pi3 a g h i e f d
Theorem 1. In a strongly-connected trackable modelG, nG(t) =
O(1).
Proof. Suppose a strongly-connected trackable model G has
nG(t) = O(t
k) with k > 0, and hence has the three paths pi1,
pi2, pi3 described above. In such a model, it is always possible
to construct a pair of intersecting cycles pi4, pi5 having the
same color sequence according to the following recipe:
1) pi4 and pi5 start at a node in pi2 which connects to a
return path.
2) pi4 and pi5 both traverse the return path and begin
to follow pi1.
3) pi4 and pi5 traverse pi1 until the branch to pi3 is
reached.
4) pi4 stays on pi1 while pi5 follows pi3 then begins to
follow pi2.
5) pi4 reaches the branch a second time and follows pi3
while pi5 continues to follow pi2.
6) pi4 and pi5 follow pi2 until they reach the starting
node in pi2, thus completing the cycles.
Note that it does not matter how long the return path is,
if there are multiple return paths, or at what point the
return path connects between pi1 and pi2, because pi4 and pi5
traverse a given return path together. Also, because pi3 has
the same length as pi1 and pi2, pi4 and pi5 will reconnect at
the same node in pi2. Because a trackable model cannot have
intersecting cycles which permit the same color sequence,
this contradicts our assumptions. Therefore, a strongly-
connected trackable model cannot have pi1, pi2, and pi3 and
hence must have nG(t) = O(1).
To illustrate this proof, consider the model shown in
Figure 4. This model has pi1, pi2 and pi3 as listed in Table 1.
Following the recipe from the proof, we can construct the
pair of cycles given in Table 2. The color sequence given in
the table permits two paths which begin and end at the same
node, which means the size of the hypothesis set will double
each time the color sequence is observed – this exponential
p1 p2
branch⇢ p3
return path
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Fig. 4: Strongly-connected model with pi1, pi2, and pi3. To
make the example more general, the branch and return path
were constructed to consist of more than a single edge.
growth in the number of hypotheses means that the model
is not trackable.
This theorem has good implications for the feasibility
of the node sequence reconstruction problem in strongly-
connected trackable models. Specifically, the basic implica-
tion of trackability is that there is a possibility for unbounded
polynomial growth – a tracking system with finite memory
monitoring a trackable model for a long time would require
a mechanism for pruning unlikely but permissible hypothe-
ses. But if a trackable model is also strongly connected
we only ever have to keep track of a finite number of
hypotheses, regardless of the observation length.
In a trackable model which is not strongly connected, we
can discuss the implications of this theorem by borrowing
some terminology from the study of Markov chains [10].
The set of nodes which can be reached from node i are called
the nodes accessible from i. A node i is called recurrent if, for
every node j which is accessible from i, i is accessible from
j. A node which is not recurrent is called transient. The set of
nodes reachable from a recurrent node form a recurrent class.
Note that a model could have multiple disjoint recurrent
classes.
Using this terminology, we can state the following corol-
lary to Theorem 1.
Corollary 2. In a trackable model G for which nG(t) = O(tk)
with k > 0, the cycle pi1 involves only transient nodes.
Proof. For nG(t) = O(tk), k > 0 to hold, the paths pi1, pi2,
and pi3 described above must exist. But, for the model to be
trackable, there can be no return path from the nodes in pi2
back to the nodes in pi1, otherwise the recipe in the proof
to Theorem 1 would lead to a contradiction. Therefore, the
nodes in pi1 cannot be accessible from the nodes in pi2. But,
the nodes in pi2 are accessible from the nodes in pi1, so the
nodes in pi1 are transient.
The behavior of a weak model or a Markov chain can be
divided into two parts: the burn-in period when it visits the
transient nodes, and the steady-state period when it has en-
tered a recurrent class. Corollary 2 implies that unbounded
polynomial growth arises only from the transient burn-in
period. It may or may not be possible, however, to tell when
the system has transitioned between burn-in and steady-
state behavior. Consider the model in Figure 5a: it is never
possible to tell when the system has transitioned from a
to b, and hence nG(t) increases linearly in t. In the model in
4TABLE 2: Cycles pi4 and pi5 associated with Figure 4.
t 0 1 2 3 4 5 6 7 8 9 10 11
Color
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Fig. 5: Model for which nG(t) = O(tk), k > 0 and it (a) is
not and (b) is eventually possible to tell that the system has
entered a recurrent class.
Figure 5b, however, once
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is observed we know the system
is at c and hence has entered the recurrent class {b, c} and
will stay there – for this example, nG(t) remains fixed at
whatever size it was before
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was observed.
In cases where it is not possible to know when the system
has entered a recurrent class, it is necessary to characterize
the typical length of the burn-in period so that unlikely
trajectories which spend excessive time in transient nodes
may be removed from the hypothesis set. In a Markov chain
the expected number of time steps before a recurrent class
is entered when starting from state i is called the mean
absorption time µi, and is found by solving the following
system of equations [10]:
µi =
{
0, i recurrent
1 +
∑
j∈V Pijµj , i transient
, (1)
where Pij = P (Xt+1 = j|Xt = i) is the probability
of transitioning from node i to node j. For the model in
Figure 5a, we have
µa =
1
1− Paa . (2)
For example, if Paa = 0.9 then µa = 10: we expect to have
reached b after 10 steps or so, after which we can remove
the highly unlikely trajectories of the form (a, a, . . . ) from
the hypothesis set.
4 RECONSTRUCTABILITY
The hypothesis set grows whenever a node which has
same-colored out-neighbors is encountered. Formally, given
(v, v1), (v, v2) ∈ E, we say that v1 and v2 are same-colored
out-neighbors of v if `(v1) = `(v2).2 If there are m out-
neighbors vi of v such that `(vi) is the same for all i,
we refer to m as the multiplicity of the same-colored out-
neighbors. If a system starts out at a known node, the nodes
2. The appropriate generalization for multi-colored graphs is that
same-colored out-neighbors are pairs of out-neighbors which have the
potential to grow the hypothesis set because they share at least one color:
L(v1) ∩ L(v2) 6= ∅.
visited can be reconstructed unambiguously until a same-
colored out-neighbor is encountered. Once a same-colored
out-neighbor is encountered the hypothesis set branches,
and a key question is whether or not we can eventually
determine which branch was taken. The following theorem
shows that this reconstruction is always possible.
Theorem 3. In a strongly-connected trackable model, it will
eventually be possible to identify which branch was taken at a
node that has same-colored out-neighbors.
Proof. Suppose the theorem does not hold. Because the
model is assumed to be strongly connected and trackable,
a node v with same-colored out-neighbors of multiplicity
m can be revisited an infinite number of times during
an observation of infinite length. Every time the same-
colored out-neighbors of v are encountered, the number of
hypotheses which go through v at that time is multiplied
by m. If it were not possible to identify which branch was
taken before the system encounters the same-colored out-
neighbors again, the number of such hypotheses would not
have shrunk back down before this multiplication occurs.
This would lead to exponential growth in the size of the
hypothesis set, contradicting the assumption that the model
is trackable.
This has good implications for reconstruction of the
sequence of nodes visited in a strongly-connected trackable
model. Specifically, if it is possible to uniquely identify the
node the system visits at some time (such as when the
system starts at a known node), then it will eventually be
possible to uniquely identify all subsequent nodes visited
by the system.
To quantify what “eventually” means in a Markov chain,
consider a node v which has same-colored out-neighbors.
We know that the question of which branch was taken must
be resolved by the time the system transitions out of v a
second time. (It may of course be much quicker, depending
on the specific structure of the model – see below for further
discussion of this point.) The expected time to travel from
a node v back to itself is called the mean recurrence time
t∗v . This can be computed by first computing the mean first
passage times ti (i.e., the expected time to first visit v when
starting from i) by solving the following system of equations
[10]:
ti =
{
0, i = v
1 +
∑
j∈V Pijtj , i 6= v
, (3)
then substituting the result into
t∗v = 1 +
∑
j∈V
Pvjtj . (4)
(Note that the calculation of mean first passage times is very
similar to the calculation of mean absorption times in the
5(a) Model
(b) Simulation results
Fig. 6: (a) Model to illustrate the mean time to reconstruct
which branch out of a is taken. The transition probabilities
used for the example are indicated on each edge. The nodes
are single-colored, so the emission matrix needed to express
this as a discrete-symbol hidden Markov model only has one
non-zero element in each row. (b) Error probability 1 − α
as a function of lag β. The results (blue solid) are shown
on a log-linear scale together with the best fit line (orange
dotted). The behavior is well-described by an exponential
with a time constant of 19.
previous section. Mean absorption times are the expected
time until the first passage of any recurrent node, whereas
mean first passage times are the expected time before the
first passage of the specific node v.)
As an example, consider the model shown in Figure 6a.
Once the system leaves a, it could spend an arbitrary
amount of time in the cycles of the form (
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,
<latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit>
,
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
). But,
when the system returns to a, either the sequence (
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit >
,
<lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit ><lat exit s ha1_ba se64="r A/0irc WChV+y tVMylok kDV+nb E=">AAA EhXicd ZNbb9M wGIa9rb BRDuvg kpuIgt gkqJz0k FZoMJo 22sWQh rRuk9qq clw3te ocZDuw EuUf8Wu 4Q/Bjc LpmW9Ph KNKb9/ m+2Hlj OyGjQkL 4e2Nzq /Dg4fb Oo+LjJ0 +f7Zb2 np+LIO KY9HDAA n7pIEE Y9UlPU snIZcgJ 8hxGLp yZlfKLb 4QLGvh nch6So Ydcn04o RlJZo5 I9cIhL /VjS2Y+ QYhlxk gwmlDG t78Khtg /fwQMN U44ZUQ 8V3ahj7 +DDgPj jlZZRqQ wrcDG0 daEvRR ksx+lob +vtYBz gyCO+x AwJ0ddh KIcx4p KquZLi IBIkRHi GXNJX0 kceEcN 48cGJ9k Y5Y20S cHX7Ulu 4dzti5 Akx9xx V6SE5FX mWmvex fiQnzW FM/TCSx MfXE00 ipslAS 9PTxpQT LNlcCY Q5VWvV 8BRxhKX KuLgyT fryUHpX yaqdpr a0Usmo wxGfq+/ mwXeR/ MeveES idSimKC Si4pJA cU6xqk ixKoo/H sYnSJK rvsCIk UO9YtSH ieJjMl E7ZRFYb MEkPj7 7cpLEu m2a7Voe 6xm2bd OG3Tw2 MmxYn6F h5XE1w 52GYRr NPK5luF VrmO1O Htcz3L TqjVo7j xsZ7lZ NU60kh 80Mm3Z6 5XEzw2 2r3THWu ls3sZj trmWnf +sud29i g1Zdb+ WX7t7G ttj0eXw TG4TWP bh6293 SU6yOlp 4/SOvi 3KjoSn 81ykevl 4dsB7w Er8A+0I EJjsAx OAU9gM FP8Av8A X8L24X 3hVqhc V26ubHs eQFWRu HTPyq8 fIo=</l atexit >
,
<latexi t sha1_base64 ="AxRyV4w2nD NrmWzmtqdnhgH 7lTo=">AAAEi3 icdZNdb9MwFI a9rcAoDDa45Ca iIDZpqpz0Iy0w NJq12sWQhrQvq a0mxz3NrDkfs h1YifKn+DVwCb 8Ep2u2NR2OYp2 8zzmx/dp2I86 kwvj30vJK6cHD R6uPy0+erj17v r7x4kSGsaBwTE MeijOXSOAsgG PFFIezSADxXQ6 n7qWT8dNvICQL gyM1iWDoEy9g Y0aJ0tL5+sHAB Y8FiWKXPyJGVS wgHYwZ50bfM4f GJt7GW4YAqkj gcdDfVauxbWT9 1ocBBKO5wvP1C q7iaTMWA3MWV NCsHZ5vrLwbjE Ia+xAoyomUfRN HapgQoRjlkJYH sYSI0EviQV+H AfFBDpPpslPjr VZGxjgU+g2UMV XvViTEl3Liuz rTJ+pCFlkm3sf 6sRq3hgkLolhB QK8HGsfcUKGRe WiMWOYIn+iAU MH0XA16QQShSj tdnhsm+3mk/Kt 0Xs5cm0lZyJk riJjodYvwu0z/ o1d9UGQRygsSg ax6EGouGNUZGd ZJyaed5IAouO pLSjjsmHrbhqn mIxjr8zI1LHFw muwffTlIE7Nn 2516EZs57vXsH u4WsZVjy/mMLa eIaznea1q21Sr ieo7b9abd2Sv iRo5bTqNZ7xRx M8fdmm3rmRSwn WO7lz1F3Mpxx +nsWQvV7Rtb7E 7X6WW7dZd7N7Z hp2G2i1P3bm2b HvoivrENY+ce XLutbpsZ1lfLL F6kxeDEqpo6/m pVdt/MLtkqeo Veo01kIhvton1 0iI4RRT/RL/QH /S2tlWql96WP1 6nLS7Oal2iul br/AMF8fho=</ latexit><latexi t sha1_base64 ="AxRyV4w2nD NrmWzmtqdnhgH 7lTo=">AAAEi3 icdZNdb9MwFI a9rcAoDDa45Ca iIDZpqpz0Iy0w NJq12sWQhrQvq a0mxz3NrDkfs h1YifKn+DVwCb 8Ep2u2NR2OYp2 8zzmx/dp2I86 kwvj30vJK6cHD R6uPy0+erj17v r7x4kSGsaBwTE MeijOXSOAsgG PFFIezSADxXQ6 n7qWT8dNvICQL gyM1iWDoEy9g Y0aJ0tL5+sHAB Y8FiWKXPyJGVS wgHYwZ50bfM4f GJt7GW4YAqkj gcdDfVauxbWT9 1ocBBKO5wvP1C q7iaTMWA3MWV NCsHZ5vrLwbjE Ia+xAoyomUfRN HapgQoRjlkJYH sYSI0EviQV+H AfFBDpPpslPjr VZGxjgU+g2UMV XvViTEl3Liuz rTJ+pCFlkm3sf 6sRq3hgkLolhB QK8HGsfcUKGRe WiMWOYIn+iAU MH0XA16QQShSj tdnhsm+3mk/Kt 0Xs5cm0lZyJk riJjodYvwu0z/ o1d9UGQRygsSg ax6EGouGNUZGd ZJyaed5IAouO pLSjjsmHrbhqn mIxjr8zI1LHFw muwffTlIE7Nn 2516EZs57vXsH u4WsZVjy/mMLa eIaznea1q21Sr ieo7b9abd2Sv iRo5bTqNZ7xRx M8fdmm3rmRSwn WO7lz1F3Mpxx +nsWQvV7Rtb7E 7X6WW7dZd7N7Z hp2G2i1P3bm2b HvoivrENY+ce XLutbpsZ1lfLL F6kxeDEqpo6/m pVdt/MLtkqeo Veo01kIhvton1 0iI4RRT/RL/QH /S2tlWql96WP1 6nLS7Oal2iul br/AMF8fho=</ latexit><latexi t sha1_base64 ="AxRyV4w2nD NrmWzmtqdnhgH 7lTo=">AAAEi3 icdZNdb9MwFI a9rcAoDDa45Ca iIDZpqpz0Iy0w NJq12sWQhrQvq a0mxz3NrDkfs h1YifKn+DVwCb 8Ep2u2NR2OYp2 8zzmx/dp2I86 kwvj30vJK6cHD R6uPy0+erj17v r7x4kSGsaBwTE MeijOXSOAsgG PFFIezSADxXQ6 n7qWT8dNvICQL gyM1iWDoEy9g Y0aJ0tL5+sHAB Y8FiWKXPyJGVS wgHYwZ50bfM4f GJt7GW4YAqkj gcdDfVauxbWT9 1ocBBKO5wvP1C q7iaTMWA3MWV NCsHZ5vrLwbjE Ia+xAoyomUfRN HapgQoRjlkJYH sYSI0EviQV+H AfFBDpPpslPjr VZGxjgU+g2UMV XvViTEl3Liuz rTJ+pCFlkm3sf 6sRq3hgkLolhB QK8HGsfcUKGRe WiMWOYIn+iAU MH0XA16QQShSj tdnhsm+3mk/Kt 0Xs5cm0lZyJk riJjodYvwu0z/ o1d9UGQRygsSg ax6EGouGNUZGd ZJyaed5IAouO pLSjjsmHrbhqn mIxjr8zI1LHFw muwffTlIE7Nn 2516EZs57vXsH u4WsZVjy/mMLa eIaznea1q21Sr ieo7b9abd2Sv iRo5bTqNZ7xRx M8fdmm3rmRSwn WO7lz1F3Mpxx +nsWQvV7Rtb7E 7X6WW7dZd7N7Z hp2G2i1P3bm2b HvoivrENY+ce XLutbpsZ1lfLL F6kxeDEqpo6/m pVdt/MLtkqeo Veo01kIhvton1 0iI4RRT/RL/QH /S2tlWql96WP1 6nLS7Oal2iul br/AMF8fho=</ latexit><latexi t sha1_base64 ="AxRyV4w2nD NrmWzmtqdnhgH 7lTo=">AAAEi3 icdZNdb9MwFI a9rcAoDDa45Ca iIDZpqpz0Iy0w NJq12sWQhrQvq a0mxz3NrDkfs h1YifKn+DVwCb 8Ep2u2NR2OYp2 8zzmx/dp2I86 kwvj30vJK6cHD R6uPy0+erj17v r7x4kSGsaBwTE MeijOXSOAsgG PFFIezSADxXQ6 n7qWT8dNvICQL gyM1iWDoEy9g Y0aJ0tL5+sHAB Y8FiWKXPyJGVS wgHYwZ50bfM4f GJt7GW4YAqkj gcdDfVauxbWT9 1ocBBKO5wvP1C q7iaTMWA3MWV NCsHZ5vrLwbjE Ia+xAoyomUfRN HapgQoRjlkJYH sYSI0EviQV+H AfFBDpPpslPjr VZGxjgU+g2UMV XvViTEl3Liuz rTJ+pCFlkm3sf 6sRq3hgkLolhB QK8HGsfcUKGRe WiMWOYIn+iAU MH0XA16QQShSj tdnhsm+3mk/Kt 0Xs5cm0lZyJk riJjodYvwu0z/ o1d9UGQRygsSg ax6EGouGNUZGd ZJyaed5IAouO pLSjjsmHrbhqn mIxjr8zI1LHFw muwffTlIE7Nn 2516EZs57vXsH u4WsZVjy/mMLa eIaznea1q21Sr ieo7b9abd2Sv iRo5bTqNZ7xRx M8fdmm3rmRSwn WO7lz1F3Mpxx +nsWQvV7Rtb7E 7X6WW7dZd7N7Z hp2G2i1P3bm2b HvoivrENY+ce XLutbpsZ1lfLL F6kxeDEqpo6/m pVdt/MLtkqeo Veo01kIhvton1 0iI4RRT/RL/QH /S2tlWql96WP1 6nLS7Oal2iul br/AMF8fho=</ latexit>
) or the sequence (
<latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t>
,
<latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit>
,
<latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit><latexit sha1 _base64="rA/0ircWChV+ytVMy lokkDV+nbE=">AAAEhXicdZNb b9MwGIa9rbBRDuvgkpuIgtgkq Jz0kFZoMJo22sWQhrRuk9qqclw 3teocZDuwEuUf8Wu4Q/BjcLpm W9PhKNKb9/m+2HljOyGjQkL4e2 Nzq/Dg4fbOo+LjJ0+f7Zb2np+ LIOKY9HDAAn7pIEEY9UlPUsnIZ cgJ8hxGLpyZlfKLb4QLGvhnch 6SoYdcn04oRlJZo5I9cIhL/Vj S2Y+QYhlxkgwmlDGt78Khtg/fw QMNU44ZUQ8V3ahj7+DDgPjjlZ ZRqQwrcDG0daEvRRksx+lob+vt YBzgyCO+xAwJ0ddhKIcx4pKqu ZLiIBIkRHiGXNJX0kceEcN48cG J9kY5Y20ScHX7Ulu4dzti5Akx 9xxV6SE5FXmWmvexfiQnzWFM/ TCSxMfXE00ipslAS9PTxpQTLNl cCYQ5VWvV8BRxhKXKuLgyTfry UHpXyaqdpra0UsmowxGfq+/mwX eR/MeveESidSimKCSi4pJAcU6 xqkixKoo/HsYnSJKrvsCIkUO9Y tSHieJjMlE7ZRFYbMEkPj77cp LEum2a7Voe6xm2bdOG3Tw2Mmx Yn6Fh5XE1w52GYRrNPK5luFVrm O1OHtcz3LTqjVo7jxsZ7lZNU6 0kh80Mm3Z65XEzw22r3THWuls3 sZjtrmWnf+sud29ig1Zdb+WX7 t7Gttj0eXwTG4TWPbh6293SU6y Olp4/SOvi3KjoSn81ykevl4ds B7wEr8A+0IEJjsAxOAU9gMFP8 Av8AX8L24X3hVqhcV26ubHseQF WRuHTPyq8fIo=</latexit>
,
<latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t><latexit sha1 _base64="AxRyV4w2nDNrmWzmt qdnhgH7lTo=">AAAEi3icdZNd b9MwFIa9rcAoDDa45CaiIDZpq pz0Iy0wNJq12sWQhrQvqa0mxz3 NrDkfsh1YifKn+DVwCb8Ep2u2 NR2OYp28zzmx/dp2I86kwvj30v JK6cHDR6uPy0+erj17vr7x4kS GsaBwTEMeijOXSOAsgGPFFIezS ADxXQ6n7qWT8dNvICQLgyM1iW DoEy9gY0aJ0tL5+sHABY8FiWK XPyJGVSwgHYwZ50bfM4fGJt7GW 4YAqkjgcdDfVauxbWT91ocBBK O5wvP1Cq7iaTMWA3MWVNCsHZ5v rLwbjEIa+xAoyomUfRNHapgQo RjlkJYHsYSI0EviQV+HAfFBDpP pslPjrVZGxjgU+g2UMVXvViTE l3LiuzrTJ+pCFlkm3sf6sRq3h gkLolhBQK8HGsfcUKGReWiMWOY In+iAUMH0XA16QQShSjtdnhsm +3mk/Kt0Xs5cm0lZyJkriJjodY vwu0z/o1d9UGQRygsSgax6EGo uGNUZGdZJyaed5IAouOpLSjjsm HrbhqnmIxjr8zI1LHFwmuwffT lIE7Nn2516EZs57vXsHu4WsZV jy/mMLaeIaznea1q21Srieo7b9 abd2SviRo5bTqNZ7xRxM8fdmm 3rmRSwnWO7lz1F3Mpxx+nsWQvV 7Rtb7E7X6WW7dZd7N7Zhp2G2i 1P3bm2bHvoivrENY+ceXLutbps Z1lfLLF6kxeDEqpo6/mpVdt/M LtkqeoVeo01kIhvton10iI4RR T/RL/QH/S2tlWql96WP16nLS7O al2iulbr/AMF8fho=</latexi t>
) is seen, which
indicates whether the system took the left- or right-hand
branch, respectively. For the model in Figure 6a,
t∗a = 1 + Pab ·
(
2
Pcd
+ 1
)
+ Pae · 2
Pfa
= 21.5. (5)
In order to illustrate this, we simulated 10 000 traversals,
each consisting of 200 time steps. (We used many traversals
in order to obtain a good estimate the error rate as a function
of lag.) In order to avoid issues with reconstruction of the
first couple nodes, we started each traversal at a. We recon-
structed the most likely node sequence using the Viterbi al-
gorithm and computed the accuracy α = P (Xˆt−β = Xt−β)
as a function of the lag β, where Xˆt andXt are the estimated
and true nodes at time t, respectively. The results are shown
in Figure 6b. The behavior of the error probability 1 − α is
linear when shown on a log-linear scale, indicating that it is
described by a function of the form
1− α = A exp(−β/τ), (6)
where τ is the time constant and A is the error probability
at β = 0. The best fit values are A = 0.48, τ = 19 ≈ t∗a:
the time constant of the recovery in accuracy following a
same-colored out-neighbor is roughly equal to the mean
recurrence time, as expected. Furthermore, the accuracy for
β = 0 is 1 − A = 52%, consistent with the 50/50 chance of
being in the left-hand or right-hand branch.
Note, however, that the mean recurrence time can be
a very pessimistic estimate of the time needed to deter-
mine which branch was taken for two reasons. First, the
structure of the model may permit unique reconstruction
of which branch was taken well before the same-colored
out-neighbors are revisited. If, for example, node c in the
present example were changed to emit
<latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit>
, the ambiguity
caused by the color sequence (
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
) would be resolved on
the very next step when either
<latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit><latexit sha1_base64="DhUK NZ2ORtiYH8CL1aQPkI6s8+4=">AAAEqnicdZNbb9MwGIbdrcAop w0uubEoiCGtlZMe0goNjWatdjGkgXZCbTU5rptadQ6yHViJ8iO5 5Jdwi9M165oOW5Fef8/32c5r2wk5kwqhP4WNzeKDh4+2HpeePH 32/MX2zstzGUSC0DMS8EBcOlhSznx6ppji9DIUFHsOpxfO1E75x Q8qJAv8UzUL6dDDrs/GjGClQ1fb04FDXebHik1/hYyoSNBkMGac w75rDuEu2oOoalgfYKWiB1rp8WKwBytLVLnLyIxw+nFA/dHKvFf bZVRF8wbXhbEQZbBoJ1c7m+8Ho4BEHvUV4VjKvoFCNYyxUEyvkJ QGkaQhJlPs0r6WPvaoHMZzVxL4TkdGcBwI/fkKzqN3K2LsSTnzH J3pYTWReZYG72P9SI1bw5j5YaSoT24WGkccqgCmFsMRE5QoPtMC E8H0XiGZYIGJ0gdRWlkmnTxU3nWyGk5dW4RSyZkjsJjp/xbBT5 n8J171qMLrUE5wSGXVpYHmghGdkWKdFH/aj4+xotd9STCn+0bVb AwTzUd0rK/T3LDYRkl8dPrlOImNnmV16nlsZLjXs3qom8dmhk37 MzLtPK5l+LBpWmYrj+sZbtebVucwjxsZbtmNZr2Tx80Md2uWpXe Sw1aGrV7a87iV4Y7dOTTXqtu3tlidrt1LT+sud29tQ3bDaOe37i 5tm1/6PL61DSH7HlxbVreNFOunZeQf0ro4N6uG1l/N8sHbxSPbA q/BG7ALDGCBA3AETsAZIOA3+FsAhUJxr/it+L3Yv0ndKCxqXoGV Vhz9A7WtgXg=</latexit>
or
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
is observed. Even
if the structure of the model does not permit early recon-
struction in this manner, however, the transition dynamics
themselves may facilitate better performance than would be
expected from the mean recurrence time alone. For example,
suppose that Pfa is reduced to 0.01 in the present example.
This yields t∗a = 111.5, but repeating the above analysis
gives τ = 21, A = 0.08. This is because the average time
spent in the two branches is now dramatically different, so
sufficiently long sequences of the form (
<latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit><latexit sha1_base64="AxRy V4w2nDNrmWzmtqdnhgH7lTo=">AAAEi3icdZNdb9MwFIa9rcAoD Da45CaiIDZpqpz0Iy0wNJq12sWQhrQvqa0mxz3NrDkfsh1YifKn +DVwCb8Ep2u2NR2OYp28zzmx/dp2I86kwvj30vJK6cHDR6uPy0 +erj17vr7x4kSGsaBwTEMeijOXSOAsgGPFFIezSADxXQ6n7qWT8 dNvICQLgyM1iWDoEy9gY0aJ0tL5+sHABY8FiWKXPyJGVSwgHYwZ 50bfM4fGJt7GW4YAqkjgcdDfVauxbWT91ocBBKO5wvP1Cq7iaTM WA3MWVNCsHZ5vrLwbjEIa+xAoyomUfRNHapgQoRjlkJYHsYSI0E viQV+HAfFBDpPpslPjrVZGxjgU+g2UMVXvViTEl3LiuzrTJ+pCF lkm3sf6sRq3hgkLolhBQK8HGsfcUKGReWiMWOYIn+iAUMH0XA16 QQShSjtdnhsm+3mk/Kt0Xs5cm0lZyJkriJjodYvwu0z/o1d9UG QRygsSgax6EGouGNUZGdZJyaed5IAouOpLSjjsmHrbhqnmIxjr8 zI1LHFwmuwffTlIE7Nn2516EZs57vXsHu4WsZVjy/mMLaeIazne a1q21Srieo7b9abd2SviRo5bTqNZ7xRxM8fdmm3rmRSwnWO7lz1 F3Mpxx+nsWQvV7Rtb7E7X6WW7dZd7N7Zhp2G2i1P3bm2bHvoivr ENY+ceXLutbpsZ1lfLLF6kxeDEqpo6/mpVdt/MLtkqeoVeo01kI hvton10iI4RRT/RL/QH/S2tlWql96WP16nLS7Oal2iulbr/AMF8 fho=</latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
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, . . . ) are
correctly inferred to have come from the right-hand branch
even before node a is revisited.
5 MAXIMUM SIZE OF THE HYPOTHESIS SET
Having established that strongly-connected trackable mod-
els have a bounded number of hypotheses, it is of interest to
know what that bound is. The main theorem of this section
stems from the observation that the size of the hypothesis
set only increases when:
1) the first color observed can be emitted by more than
one node, or
2) a same-colored out-neighbor is encountered (as dis-
cussed in the previous section).
Before stating and proving the theorem, we need the follow-
ing corollary to Theorem 3.
Corollary 4. In a strongly-connected trackable model for which
observations start from a known node, there can be at most one
hypothesis which visits a given node at a given time.
Proof. Suppose the corollary does not hold. Consider a
color sequence such that, at some point after the known
starting point, multiple hypotheses are created because of
same-colored out-neighbors. Furthermore, suppose that the
color sequence permits a pair of these hypotheses to visit
the same node at the same time. Because the subsequent
transitions do not depend on any of the previous transitions
(Markov property), this means that which branch was taken
at the node with same-colored out-neighbors can never be
reconstructed, contradicting Theorem 3.
As an alternate proof of the corollary, note that color
sequence described above would permit the construction of
6Fig. 7: This model illustrates the bounds developed in The-
orem 5.
two paths from the (known) starting node back to itself.
Therefore, a model which permits such a color sequence
lacks the unique path property, violating the assumption
that the model is trackable.
Note that a given node may have multiple sets of same-
colored out-neighbors. Let Mv be the maximum multiplicity
of the sets of same-colored out-neighbors at node v, where
Mv = 1 for a node which lacks same-colored out-neighbors.
As an example, for the model in Figure 6a, Ma = 2 and
Mc = 1.
In addition, let K to be the largest number of same
colored nodes in the model. For example, for the model in
Figure 6a, K = 4.
Theorem 5. In a strongly-connected trackable model, G,
nG(t) ≤ K
(
1 +
∑
v∈V
(Mv − 1)
)
. (7)
When the observations start from a known node,
nG(t) ≤ 1 +
∑
v∈V
(Mv − 1). (8)
Proof. We start with the case in which the observations
begin at a known node. Consider a color sequence with the
following properties:
1) Every node which has same-colored out-neighbors
is visited by a path consistent with the color se-
quence.
2) The paths consistent with the color sequence in-
clude transitions into the highest-multiplicity set of
same-colored out-neighbors at each node.
3) The paths consistent with the color sequence visit
every node with same-colored out-neighbors on the
path before the reconstruction promised by The-
orem 3 occurs for any of the same-colored out-
neighbors encountered.
Clearly this color sequence will generate the largest hypoth-
esis set possible. If such a color sequence does not exist,
then the maximum nG(t) will be smaller than the bound
obtained by assuming such a color sequence exists, thus
accounting for the less-than part of the theorem.
To obtain the equal-to part, assume that such a color
sequence exists and keep a running tally of nG(t) as it is
processed. When starting from a known node, nG(1) = 1. At
each same-colored out-neighbor, the number of hypotheses
through the node with same-colored out-neighbors is multiplied
by Mv . Corollary 4 means that there is only ever a single
hypothesis going into the node with same-colored out-
neighbors at a given time, so we add Mv − 1 to our running
tally to replace the single hypothesis with the Mv new
hypotheses. Because Mv = 1 for nodes with no same-
colored out-neighbors, we can simply sum over all nodes
to obtain the expression given.
Returning to the case in which the observations do not
begin at a known node, note that there are at most K
nodes with the color first observed and, for each of those
possible starting nodes, there are at most 1+
∑
v∈V (Mv−1)
hypotheses as we have just established. As a result, there
are at most K
(
1 +
∑
v∈V (Mv − 1)
)
hypotheses even with
the ambiguity introduced by not knowing the node when
the tracking began.
The difference between knowing the starting node and
not knowing the starting node is illustrated concretely using
the model in Figure 7. Note that nodes can have multiple
same-colored in-neighbors. If observations start when the
system is at an unknown same-colored in-neighbor, it will
never be possible to identify the first node that was visited.
This would cause nG(t) to be multiplied by the number
of hypotheses generated by this initial ambiguity. For the
model in Figure 7, Theorem 5 indicates that nG(t) ≤ 5 as
long as observations start at a known node. This bound is
realized by the color sequence (
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<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
,
<latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit><latexit sha1_base64="rA/0 ircWChV+ytVMylokkDV+nbE=">AAAEhXicdZNbb9MwGIa9rbBRD uvgkpuIgtgkqJz0kFZoMJo22sWQhrRuk9qqclw3teocZDuwEuUf 8Wu4Q/BjcLpmW9PhKNKb9/m+2HljOyGjQkL4e2Nzq/Dg4fbOo+ LjJ0+f7Zb2np+LIOKY9HDAAn7pIEEY9UlPUsnIZcgJ8hxGLpyZl fKLb4QLGvhnch6SoYdcn04oRlJZo5I9cIhL/VjS2Y+QYhlxkgwm lDGt78Khtg/fwQMNU44ZUQ8V3ahj7+DDgPjjlZZRqQwrcDG0daE vRRksx+lob+vtYBzgyCO+xAwJ0ddhKIcx4pKquZLiIBIkRHiGXN JX0kceEcN48cGJ9kY5Y20ScHX7Ulu4dzti5Akx9xxV6SE5FXmWm vexfiQnzWFM/TCSxMfXE00ipslAS9PTxpQTLNlcCYQ5VWvV8BRx hKXKuLgyTfryUHpXyaqdpra0UsmowxGfq+/mwXeR/MeveESidS imKCSi4pJAcU6xqkixKoo/HsYnSJKrvsCIkUO9YtSHieJjMlE7Z RFYbMEkPj77cpLEum2a7Voe6xm2bdOG3Tw2MmxYn6Fh5XE1w52G YRrNPK5luFVrmO1OHtcz3LTqjVo7jxsZ7lZNU60kh80Mm3Z65XE zw22r3THWuls3sZjtrmWnf+sud29ig1Zdb+WX7t7Gttj0eXwTG4 TWPbh6293SU6yOlp4/SOvi3KjoSn81ykevl4dsB7wEr8A+0IEJj sAxOAU9gMFP8Av8AX8L24X3hVqhcV26ubHseQFWRuHTPyq8fIo= </latexit>
). But, suppose
instead that observations start at an unknown one of the
same-colored in-neighbors of a (i.e., one of {q, r, s, t, u}).
This results in the color sequence (
<latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit><latexit sha1_base64="(nul l)">(null)</latexit>
,
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), which
in turn yields nG(4) = 25 because it is not possible to
determine which of the
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nodes was visited initially.
Note that the unknown starting point bound is only tight
if the color sequence used in the proof of Theorem 5 exists
and the initial ambiguity from starting at one of theK same-
colored nodes is never resolved. For example, the bound of
nG(t) ≤ 5K = 55 is not tight for the model in Figure 7
because the elevenfold ambiguity in an initial observation of
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is resolved by the time any of the non-
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nodes are visited.
In general, there are several circumstances under which the
initial ambiguity may not be resolved and the bound can be
tight:
1) The K same-colored nodes could be same-colored
in-neighbors of some node.
2) There could be a color sequence which permits
paths from each of the K same-colored nodes to
some node. This is a multi-step generalization of the
same-colored in-neighbors in the previous case.
3) The model could be symmetric (i.e., |Aut(G)| >
1, where Aut(G) is the automorphism group of
7model3 G): if the K same-colored nodes are not
fixed points of the automorphisms then it will not
be possible to resolve the initial ambiguity.
As an example of the last case, the model in Figure 8 has
|Aut(G)| = K = 2 and no same-colored out-neighbors, so
the bound of nG(t) ≤ 2 is tight.
6 ENTROPY RATES OF WEAK MODELS
This section considers the conditional entropy rate of the
node sequence given the color sequence. As entropy rates
are determined by the transition and emission probabilities,
we consider any given weak model G = (V,E, L,Φ) in this
section to have been converted to a lumped Markov chain
through assignment of transition probabilities Pij such that
(i, j) ∈ E ⇐⇒ Pij > 0. We can then speak of the
conditional entropy rate of a weak model by establishing
inequalities which hold for any assignment of probabilities
which satisfies this condition.
The node sequence, X[T ] = (X1, X2, . . . , XT ), is a sta-
tionary, Markovian stochastic process. The color sequence,
Y[T ] = (Y1, Y2, . . . , YT ), is also a stationary stochastic pro-
cess which may or may not be Markovian [8], [9]. The en-
tropy rate of stochastic process Xt conditional on stochastic
process Yt is
H(X|Y ) = lim
T→∞
1
T
H(X[T ]|Y[T ]), (9)
where H(X[T ]|Y[T ]) is the classical Shannon conditional
entropy for possible realizations of X[T ] and Y[T ] [11].
Specifically,
H(X[T ]|Y[T ]) = −
∑
y∈Y[T ]
p(y)
∑
x∈X[T ]
p(x|y) log2(p(x|y))
(10)
=
∑
y∈Y[T ]
p(y)H(X[T ]|Y[T ] = y), (11)
where X[T ] and Y[T ] are the sample spaces of the random
variables X[T ] and Y[T ], respectively. The conditional en-
tropy rate corresponds to the average amount of informa-
tion about Xt which is lost per time step when only Yt is
observed.
Note that trackability is equivalent to having an infi-
nite “split-merge index” as defined in the recent work on
lumped Markov chains by Geiger and Temmel [9]: the non-
existence of differing realizable trajectories with the same
start and end points is, for the irreducible case considered by
Geiger and Temmel, equivalent to the unique path property
which characterizes trackability. Theorem 1 of [9] shows that
the conditional entropy rate H(X|Y ) of the state sequence
process conditioned on the observation sequence is strictly
positive for a lumped Markov chain if and only if the
corresponding weak model is untrackable. In other words,
for an untrackable model there is always positive uncer-
tainty about the process’ state however long the observation
sequence happens to be.
3. Note that some definitions of automorphisms of graphs ignore the
coloring. Here we define an automorphism of a weak model to be a
permutation σ of the nodes such that (u, v) ∈ E ⇐⇒ (σ(u), σ(v)) ∈
E and L(u) = L(σ(u)).
Moreover, Geiger and Temmel also show that if there
are only a bounded number of hypotheses per observation
sequence, then the conditional entropy rate is H(X|Y ) = 0.
Because their work assumes that the underlying Markov
chain is irreducible (equivalent to our constraint of strong
connectivity), they are silent about the case when the
hypothesis growth is unbounded polynomial. As shown
above, a weak model that is trackable but has unbounded
worst case hypothesis growth cannot be strongly con-
nected/irreducible. The following theorem addresses this
case.
Theorem 6. A model which has (potentially unbounded) polyno-
mial growth in the hypothesis set, nG(T ) = O(T k) with k ≥ 0,
has H(X|Y ) = 0.
Proof. Recall Equation (10). If the cardinality of X[T ] is
bounded by a polynomial cT k for every observation se-
quence, then the largest entropy∑
x∈X[T ]
p(x|y) log2(p(x|y)) = H(X[T ]|Y[T ] = y) (12)
occurs for the uniform distribution over cT k elements so
that
H(X[T ]|Y[T ] = y) = −
∑
x∈X[T ]
p(x|y) log2(p(x|y)) (13)
≤ cT k · 1
cT k
log2(cT
k) (14)
= log2(c) + k log2(T ). (15)
Consequently,
H(X|Y ) = lim
T→∞
1
T
H(X[T ]|Y[T ]) (16)
= lim
T→∞
1
T
∑
y∈Y[T ]
p(y)H(X[T ]|Y[T ] = y) (17)
≤ lim
T→∞
1
T
∑
y∈Y[T ]
p(y) (log2(c) + k log2(T )) (18)
= lim
T→∞
log2(c) + k log2(T )
T
= 0. (19)
Thus, if hypothesis growth is bounded by a polynomial then
H(X|Y ) = 0.
To gain some intuition for the implications of this the-
orem, note that there are models for which H(X|Y ) = 0
but it is still impossible to uniquely reconstruct X from Y .
An example of a strongly-connected model for which this
is the case is shown in Figure 8. Because it is trackable,
this model has H(X|Y ) = 0. But if observations do not
start at a known node the hypothesis set always has size
two. An intuitive way of thinking about this case is that,
assuming all nodes are equally likely starting points, which
of the two hypotheses is correct represents one bit of uncer-
tainty: H(X[T ]|Y[T ]) = 1 bit, independent of T . Because this
uncertainty does not grow as T → ∞, it is taken to zero by
the 1/T term inside the limit of Equation (9).
For a less obvious case, Theorem 6 shows that the model
in Figure 5a has H(X|Y ) = 0 despite the fact that there
is unbounded growth in the number of hypotheses. An
intuitive explanation of the fact that H(X|Y ) = 0 despite
8Fig. 8: Model from Figure 4 of [9]. The model is trackable
and hence the conditional entropy rate is H(X|Y ) = 0 but
it is not possible to uniquely reconstruct X from Y without
additional constraints on the distribution of initial states.
the growth in uncertainty at each step is that the number
of hypotheses (and hence the conditional entropy) grows at
a rate which is sufficiently slow that the 1/T term can still
take the conditional entropy rate to zero. In contrast to this
case, Theorem 1 of [9] shows that the exponential growth
in the number of hypotheses for untrackable models is fast
enough to result in a nonzero entropy rate.
Note that for k = 0 (bounded growth) this theorem is
more general than Theorem 1 of [9] because it applies even
if the model is not strongly connected and/or has periodic
nodes. That being said, the theorem is not an “if and only
if” statement: H(X|Y ) = 0 does not imply that nG(T )
is bounded by a polynomial, which is what the following
theorem addresses.
Theorem 7. A model for which all recurrent nodes are aperiodic
has H(X|Y ) = 0 if and only if all of the recurrent classes are
trackable.
Proof. Note that the limit in the definition of the conditional
entropy rate means that H(X|Y ) depends on the long-term,
asymptotic behavior of a model. Therefore, the transient
behavior of the model is irrelevant in determining the con-
ditional entropy rate: while the transient nodes can generate
a color sequence which makes the hypothesis set arbitrarily
large, we know that, with probability one, the system will
eventually end up in one of the recurrent classes. Intuitively,
the conditional entropy rate will then be dictated by the
entropy rates which are realizable by any given recurrent
class. If the recurrent classes are all trackable, then they will
all have zero conditional entropy rate. If any recurrent class
is not trackable, then there will be a nonzero conditional
entropy rate.
To formalize this intuition, we start with the “if” part.
Let the random variable CT correspond to which recurrent
class XT is in. To ensure this is well-defined for all T ,
we take CT to also have a special value indicating that
XT is a transient node. We can then define the stochastic
process C[T ] = (C1, C2, . . . , CT ). Because C[T ] is completely
determined by X[T ], we have
H(X[T ], C[T ]|Y[T ]) = H(X[T ]|Y[T ]). (20)
We can then expand this as
H(X[T ]|Y[T ]) = H(C[T ]|Y[T ]) +H(X[T ]|Y[T ], C[T ]). (21)
Noting that we are interested in the limit as T → ∞,
C[T ] will have a time TR where it transitions from transient
nodes to one recurrent class, which we denote C . Therefore,
any sufficiently long C[T ] can be entirely defined by TR and
C . We can then rewrite the conditional entropy as
H(X[T ]|Y[T ]) = H(TR, C|Y[T ]) +H(X[T ]|Y[T ], TR, C).
(22)
This expression has a nice interpretation: the first term corre-
sponds to the uncertainty in which recurrent class is entered
and when it is entered, while the second term corresponds
to the uncertainty in the nodes given the observed colors
and the specific recurrent class and transition time.
Letting Xa:b = (Xa, Xa+1, . . . , Xb−1, Xb), we can write
H(X[T ]|Y[T ], TR, C) =
H(X1:TR−1, XTR:T |Y1:TR−1, YTR:T , TR, C). (23)
We then have the following inequalities:
H(X[T ]|Y[T ]) ≤ H(TR, C|Y[T ])
+H(X1:TR−1|Y1:TR−1, YTR:T , TR, C)
+H(XTR:T |Y1:TR−1, YTR:T , TR, C) (24)
≤ H(TR, C|Y[T ]) +H(X1:TR−1|Y1:TR−1, TR, C)+
H(XTR:T |YTR:T , TR, C). (25)
Taking the limit to obtain the conditional entropy rate, we
obtain
H(X|Y ) ≤ lim
T→∞
1
T
(
H(TR, C|Y[T ])
+H(X1:TR−1|Y1:TR−1, TR, C)
+H(XTR:T |YTR:T , TR, C)
)
. (26)
The first term has only a polynomial number of possibilities
for TR and a finite, constant number of possibilities for C .
Therefore, the same reasoning used to prove Theorem 6
shows that this term will go to zero. The second term does
not grow with T , and hence will be taken to zero by the 1/T
in the limit. The third term can be expanded as
H(XTR:T |YTR:T , TR, C) =∑
tr∈TR,
c∈C
p(tr, c)H(XTR:T |YTR:T , TR = tr, C = c), (27)
where TR and C are the sample spaces of TR and C ,
respectively. Once the limit is taken, each term in the sum
corresponds to the conditional entropy rate produced by
a given recurrent class c. Theorem 1 of [9] states that this
entropy rate is zero for an irreducible, aperiodic, trackable
model. Therefore, if all recurrent classes are trackable and
all recurrent nodes are aperiodic, all terms in the sum are
zero and H(X|Y ) = 0.
To prove the “only if” part, start with the inequality
H(X[T ]|Y[T ]) ≥ H(X[T ]|Y[T ], TR, C)
=
∑
tr∈TR,
c∈C
p(tr, c)H(X[T ]|Y[T ], TR = tr, C = c). (28)
9For each term in the sum, we have
H(X[T ]|Y[T ], TR = tr, C = c) ≥
max
(
H(X1:TR−1|Y[T ], TR = tr, C = c),
H(XTR:T |Y[T ], TR = tr, C = c)
)
. (29)
When we take the limit as T → ∞, the first term only
involves the uncertainty in the finite set of random variables
X1:TR−1, and hence will be taken to zero by the factor of
1/T . This means that the lower bound will be determined
by H(XTR:T |Y[T ], TR = tr, C = c), which is the entropy
of the states in the recurrent part conditioned on all of the
observations. Focusing on this term, we then have
H(XTR:T |Y[T ], TR = tr, C = c) ≥
H(XTR:T |XTR−1, Y1:TR−1, YTR:T , TR = tr, C = c). (30)
Because of the conditional independence properties of hid-
den Markov models, we can drop the conditioning on
Y1:TR−1: all of the information the symbols from the tran-
sient phase convey about XTR:T is subsumed by XTR−1. So,
H(X[T ]|Y[T ], TR = tr, C = c) ≥
H(XTR:T |XTR−1, YTR:T , TR = tr, C = c) =∑
x∈XTR−1
p(x|TR = tr, C = c)
·H(XTR:T |XTR−1 = x, YTR:T , TR = tr, C = c). (31)
But, H(XTR:T |XTR−1 = x, YTR:T , TR = tr, C = c) is simply
the entropy produced by transitions within recurrent class c
with an initial state distribution dictated by the edges from x
into c. Note that Geiger and Temmel assume the initial state
distribution is equal to the stationary distribution, but they
comment that their results should hold for any initial state
distribution [9]. Indeed, the proof of Theorem 1 of [9] does
not appear to depend on any specific choice of initial state
distribution. Therefore, we can take the limit to obtain the
conditional entropy rate and apply the results of Theorem 1
of [9] to each term in the sum to conclude that the only way
for H(X|Y ) > 0 is for at least one of the recurrent classes to
be untrackable.
This theorem implies that models which are untrackable
because of pathologies in the transient nodes can still have
H(X|Y ) = 0. This can be understood in terms of the
difference between the worst-case and asymptotic average
behavior: trackability considers whether there is any color
sequence which can generate exponential growth in the
size of the hypothesis set, whereas the conditional entropy
rate captures the fact that, on asymptotic average, such
sequences cannot persist infinitely long if they are only
generated by transient nodes. To illustrate this, consider the
model in Figure 9. This model has intersecting cycles with
the same coloring formed by the transient nodes {a, b, c},
and therefore experiences exponential worst-case growth of
the hypothesis set. But, the single recurrent node d has a
unique color, so the hypothesis set stops growing as soon
as
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is seen. Given our assumption that the probabilities
assigned to the edges are strictly positive, this is guaranteed
to happen eventually. At this point, there are no additional
bits of uncertainty added at each time step.
Fig. 9: Untrackable model with H(X|Y ) = 0.
As a less obvious example, suppose the model in Fig-
ure 9 is modified such that all nodes emit the same color.
Then it is never possible to identify when the recurrent
node d has been entered, and yet Theorem 7 implies that
H(X|Y ) = 0. In this case, the hypothesis set continues
to grow exponentially, but the hypotheses which visit the
transient nodes many times are increasingly less likely. The-
orem 7 then indicates that the rate at which such hypotheses
become unlikely is sufficient for the conditional entropy rate
to be zero.
7 SUMMARY
This paper has presented several new analytic results re-
garding the ability to reconstruct the sequence of nodes
visited by an agent traversing a trackable weak model. It
was found that the node reconstruction problem is substan-
tially more tractable in models that are strongly connected
compared to models that have transient nodes. This is a
promising result because trackability imposes fewer con-
straints on the model’s coloring than the other observability
classes which offer stronger performance guarantees [5],
and hence is more likely to be attainable in practice. For
strongly-connected trackable models, the worst-case size
of the hypothesis set is bounded by an easily-computed
constant. Furthermore, when unambiguous real-time track-
ing is lost because of a same-colored out-neighbor, it will
always eventually be possible to determine which branch
was taken. Finally it was shown that the conditional en-
tropy rate, H(X|Y ), vanishes if and only if all recurrent
classes are trackable. The implications of these theorems
were elaborated in terms of well-known mean absorption
and recurrence times of Markov chains that can be used
to estimate how long certain events such as unique node
identification can take on average.
These new results identify deep relationships between
structural properties of weak models and lumped Markov
chains, and their trackability and entropy rates. Conse-
quently, the results of this paper can be used to concretely
inform the design of trackable systems as well as the
tracking algorithms used in applications such as computer
program execution monitoring with out-of-band electro-
magnetic emissions measurements [3].
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